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Abstract 

We study the existence and nonexistence of singular solutions to the equation u t — Au — 
j^u + |a:| u|u| p_1 = 0, p > 1, in R N x [Q,oo), N > 3, with a singularity at the point 
(0, 0), that is, nonnegative solutions satisfying u(x, 0) = for x ^ 0, assuming that a > — 2 
and k < (^y^-) ■ The problem is transferred to the one for a weighted Laplace-Beltrami 
operator with a non-linear absorbtion, absorbing the Hardy potential in the weight. A 
classification of a singular solution to the weighted problem either as a source solution with 
a multiple of the Dirac mass as initial datum, or as a unique very singular solution, leads 
to a complete classification of singular solutions to the original problem, which exist if and 
only if p < 1 + 2 -^M . 

JV+2+^/(Af-2) 2 -4n 

1 Introduction and main results 

In this paper we study nontrivial nonnegative solutions in R N x [0, oo) to the equation 

(1.1) u t - Au- ^u + r a u\u\ p - 1 = 0, 

vanishing on R N x {0} \ {(0,0)} that is, (non-trivial) nonnegative solutions to (jl.ip satisfying 

(1.2) u(x, 0) = 0, that is, lim u(x, t) = for x ^ 0. 

t— >o 

Here and below r = \x\, and we always assume that with N > 3, k < and a > -2. 

The behaviour of u(x,t) as (x,t) — > (0,0) is not prescribed, so we study solutions with possible 
singularity at (0,0). 

We remark here for further reference that there is no ambiguity in the last definition since 
for a solution u of (jl.ip . u(x,t)dx — > as t — > in the sense of weak-* convergence of measures 
on \ {0} if and only if u(x, t) — > as t — > locally uniformly in x G R N \ {0}, by the same 
argument as in Proof of Theorem 2, steps 2,3]. 
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The nonlinear heat equation with absorption 



(1.3) u t - Au + u^' 1 = 0, 

i.e. (jl.ip with k = a = 0, with bounded measures as initial data was first studied by Brezis and 
Friedman in the seminal work [5], where it was proved that the solution to (jl.3p with u(x,0) = 
xe)o(x), a multiple of the Dirac mass at 0, exists and is unique if and only if0<p<l + ^. 
The solution obtained has roughly speaking the same behaviour as t — > as the fundamental 
solution to the linear heat equation. Such solutions are referred to as source type solutions (SS). 

In [6] for 1 < p < 1 + a new nonlinear phenomenon was discovered, namely, a new 
solution to (|1.3p satisfying (|1.2p was found. This solution is more singular at t — )■ than the 

fundamental solution, it is self-similar of the form t p-* f(\x\/-\/i), where / is a unique solution 
to a certain ordinary differential equation. This solution in [6j, called very singular solution, 
was constructed by the shooting method. Later in |12j the existence of very singular solutions 
was proved by the variational approach. In [16] the very singular solution was shown to be a 
monotone limit of source type solutions. A classification of all positive singular solutions to 
(|1.3p was given in [26]. The cited papers state that for p£ (1,1 + -^) every singular solution to 
(jl.ip satisfying (|1.2|) is either source type solution, satisfying u(x,t)dx — > x5o as t — > in the 
sense of weak convergence of measures, with x = lim J u(x, t)dx, or u is the unique very 

t-> {M<i} 

singular solution (VSS), the only one satisfying lim J u(x,t)dx = oo. For p > 1 + jj there 

' •'•'<> i } 

are no non-trivial positive solutions to (|1.3p satisfying (|1.2p . Recently the problem of singular 
solutions to (jl.ip in the case k = 0, a > — 2 was treated by Shishkov and Veron [27]. They 
showed that the qualitative picture is the same as for (|1.3p . but the critical exponent changes 
from 1 + j] for equation (jl.ip to 1 + for the equation ut — Au + r a u\u\ p ~ 1 = 0. In all the 
above result a crucial role is played by the following a priori estimates of Keller-Osserman type 
for a singular solution to (jl.ip (with k = 0), which is a generalization of the classical one due 
to Brezis and Friedman [S] in the case a = 0: 



(1.4) u(x,t) < c(\x\ 2 + t)~ 



2+q 
2(p-l) 



The critical exponent 1 + which reflects the nonexistence of singular solutions, can be 
seen as a result of comparing the behaviour at (0, 0) of the fundamental solution to the linear 
problem with estimate (jl.4p . This plausible argument can no longer be applied to (ll.ip since 
the fundamental solution to the equation ut — Au — -^u = does not exist at x = (except for 
the case k = 0) for the reasons explained below. 

During the last decades there is growing interest to the elliptic and parabolic problems 
involving the inverse-square potential (Hardy potential), stemming from its criticality. Many 
qualitative properties of solutions are affected by the presence of the Hardy potential, which 
leads to occurrence of a number of interesting unusual phenomena [U [3j 124"! [29] . This is mainly 
due to the properties of the corresponding linear equation ut — Au — = 0, which are 
significantly different from the properties of the heat equation. In particular, the linear equation 
does not have the fundamental solution at zero, i.e. the Cauchy problem with <5o(x) as the initial 
datum has no solution, which can be seen from by now well known two-sided estimates for the 
corresponding heat kernel p(t, x, y)[2Tl [23| [25] : 
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where here and below A = —^-^ + y ("^2^) 2 — ^ is the bigger root of the quadratic equation 
A 2 + A(iV — 2) + k = and c±, C2, C3, C4 are some positive constants. Moreover, for k > and 
N > 3 the Cauchy problem is not well posed in L P (R N ), p G |X jv+a) [22]- ^he semilinear 
equations with Hardy potentials and nonlinear excitation were recently studied in and some 
interesting nonuniqueness phenomena were discovered, but to our knowledge the corresponding 
equation with nonlinear absorption, equation (jl.ip . has not been yet studied. This is exactly the 
aim the present paper. In the course of this study we will reveal several interesting phenomena 
peculiar to equation (jl.ip . In order to overcome the difficulties described above and to classify 
solutions to (jl.ip satisfying (|1.2p we will use the technique of transference to the weighted 
space, which is by now standard in the linear theory and is called the ground state transform 
(cf. [2H [Ml E3 ES])- We will outline it here. 

Below and further on we use the following notation for the weighted Lebesgue and Sobolev 
spaces. For a weight ip we denote 

LP(R N ):={f:R N ^R; [ \f\P<pdx < 00}, 

ffJ(R"):={/:R"->R; / (|V/| 2 + \f\ 2 )^dx < 00}. 

Let h G H} oc satisfy Ah + \h = 0, that is, h = r A , with A > — ^fc^ as above. The change of 
variables u := u/h is a unitary operator L 2 := L 2 (R N ,dx) — > L 2 2 := L 2 (R N ,h 2 dx). Moreover, 
the quadratic form £(u) = J \\7u\ 2 dx — j -^u 2 dx on L 2 is isomorphic to a quadratic form 
£h{u) = J I Vu\ 2 h 2 dx on L? 2 , which is precisely stated in the next proposition 

Proposition 1.1. Let k < — j- 1 —. Let £ be the closed quadratic form in L defined by 



£(u) = j \Vu\ 2 dx - J ^\u\ 2 dx, ueH 



and H be the associated self-adjoint operator, H = —A — ^ (form-sum). Let h G H^ c (Rr) be 
a positive weak solution to the equation Hh = 0. 

Then the unitary map U : L 2 — >• L 2 2 , Uu = j-> maps H to the operator —A h 2 associated 
with the form 

£ h {u) = ||Vu|| 2 2 , u G H^(JSL N ). 

h 2 

Proof. First observe that h G C°°(M. N \ {0}) and that h > 0. Hence h ±1 C^°(R N \ {0}) 

'2 



C™(R N \ {0}). Note that C™(R N \ {0}) is a core of the form £. The image of £ on L 2 2 is given 



by £ h ((p) = £(h<p). For <f> G C™(R N \ {0}) one has 

|V(/k/>)| 2 = h 2 \V(f)\ 2 + 2h(jN(jNh + (f) 2 \Vh\ 2 = h 2 \V<j)\ 2 + V(h(/) 2 )Vh. 
Taking into account that h is a weak solution to the equation Au + -^u = 0, we obtain 

£(h<j)) = j (\V{H)\ 2 - ^h 2 ^dx = J h 2 \V4>\ 2 dx+(v(h^ 2 ) -Vh- ^{h(j) 2 )h>j dx 



2 

L 2 ■ 

h 2 



Since C^°(R N \ {0}) is invariant under multiplication by h , it is also a core for £y l . The 
assertion follows. □ 
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As a result, the operator —A — on 1? is isomorphic to the weighted Laplacian — A^2 := 
— ryV • /i 2 V on L^ 2 - Recall that h = r x . So equation (jl.ip takes the form 

(1.5) fit - r~ 2A V(r 2A Vu) + r /3 £|tip'~ 1 = 0, 

with /3 := a + X(p - 1). 

This motivates the following problem about singular solutions with the weighted Laplacian 
which is of independent interest. 

Assume that u is a weak solution to the equation 

(1.6) d t u - r- 2X V ■ (r 2A Vn) + rP\u\ p ~ l u = 0, 
satisfying 

(1.7) J u(t)0 h 2 dx ^ as t -> 0, for all 9 G C C {R N \ {0}). 



We say that u G L 2 OC ((0, oo); Hl oc (R N , h 2 dx)^j nLf^ 1 (r^ x (0, oo), r^h 2 dxdtj is a weak solut 
to (|1.6p if it satisfies the integral identity 



ion 



+ / /(v„ ■ vo*»** + / / /i»r **w 

tl 

(1.8) = y u(t )C(t )h 2 dx + J J ud t (h 2 dxdt 

to 

for all C 6 ^((0,00); CcQR^)) n L 2 oc ((0,oo); H^) and < t < ti < 00. 

The main results concerning the solutions to (|1.6|) satisfying (|1.7|) are collected in the fol- 
lowing theorem. 

Theorem 1.2. Lei p > 1. Lei A,/3 6e any reaZ numbers such that A > — jV ^" 2 , /3 > —2. Denote 

p* = 1 + mix- Then 

(a) for any weak solution u to (|1.6p satisfying (|1.7j) f/je following Keller- Osserman type esti- 
mate holds: there exists c > suc/i i/iat /or x G l w and i > 

\u(x,t)\ < c(\x\ 2 +t) 2^ ; 

(fe) /or every singular solution to (|1.6p f/iere exists k G [0, 00] suc/i f/iaf u(t)h 2 dx — > x5q as 
t —> in the weak-* topology of Radon measures; 

(c) for p > p* , the only solution to (|1.6p satisfying (|1.7p is zero; 

(d) for p < p* and x G (0, 00] there exists a unique singular solution u K to (jl.6|) satisfying 
u H {t)h 2 dx — > xSq as t — > in the weak-* topology of Radon measures; 



'" 1 1 . ■ . U ) — :* U ' / / J- 

t — >■ 0, where p h2 is the heat kernel for the weighted Laplacian A^2 := r _2A V • r 2A V; 



(e) for p < p* and k G (0,oo) ; u k satisfies u K {-,t) — xp h2 (t, -,0) — > in L 1 (IR^, r 2A a!x) as 
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(f) for p < p* , Uoo is self- similar, that is u 00 (x,t) = t 2 (p~ 1 ) v(x/\/t), with v(x) < Ce l x 'l 2 / 8 
for some C > 0. 

The proof of Theorem 11.21 is given in Sections 2-5. In fact, the results for the case of the 
initial data x5 are obtained as a special case of Radon measures as initial data, as it is done in 
[5]. We extend the results of Brezis and Friedman [5 J and Veron [30} Chapter 6, Theorem 6.12] 
to the case of equations with the generator of a symmetric ultracontractive Feller semigroup in 
place of the Laplacian. This allows for a much wider range of applications such as the fractional 
Laplacian, symmetric subelliptic operators and many more (for further examples see, e.g. [13J ) . 

The solution to the original problem (jl.ip . (|l,2p is contained in the next corollary, which is 
a pull back of Theorem 11.21 

Corollary 1.3. Let p > 1, k < , A = + \j -k, a > -2. Denote 

p ** = 1 + j±*. Then 

a) for p > p** , there are no singular solutions to (jl.ip . More precisely, the only solution to 
(jl.ip satisfying (|1.2p is zero; 

(b) for p < p** and x £ (0,oo] ; there exists a unique singular solution u x to (jl.ip satisfying 
lim f Ux(x, t)\x\ x alx = x for all p > 0. The map x — > u K is a bijection between (0, oo] 
*^°{M<p} 

and the set of nontrivial singular solutions to (jl.ip : 

2 + a 

(c) for p < p** , the very singular solution Uoo is self-similar, Uoo(x,t) = t 2 (p~Vv(x/\/t) with 
v(x) < C\x\ x e~^ / 8 for some C > 0. 

Remark 1.4. The above corollary shows that the Lebesgue measure does not allow for a clas- 
sification of singular solutions to (jl.ip . To demonstrate this let a, k, A and p** be as in the 
preceding corollary. 

1. For k < (hence A > 0) and p G (l,p**) every non-trivial positive singular solution u to 
(jl.ip satisfies u(x, t) = 0(\x\ x ) as x — > for all t > 0, and f u(x, t)dx — > oo as t — > 

{|x|<p} 

for all p > 0. 

2. for k > (hence A < 0) and p G (l,p**), given x £ (0, oo), one has J u^(x,t)dx — > 

{|x|<p} 

as t — > for all p > 0. Moreover, J u OQ (x,t)dx — > as t — > for all p > if 

{\x\<p} 

p £ (1 + ^f-,p**)- So in this case we have the initial datum zero with nonzero solution, 
and we encounter the non-uniqueness phenomenon. 

3. For k > (hence A < 0) one has J u 00 (x,t)dx — > oo for all p > if p £ (1, 1 + ^r)- 

{\x\<p} 

4- For k > (hence A < 0) and p > one has f u^x^^dx — > c < 00 for p = 1 + 

{\x\<p} 

The limit c is independent of p. So this is the only case with the initial datum c5q. 

Further on we use the following notation. For p £ (1, 00), p 1 is the conjugate exponent, that 
is p' = lx stands for the characteristic function of the set X, Br := {x £ R N : \x\ < R}, 
D R := {(x, t) £ R N x (0, 00) : R 2 < \x\ 2 + t < 4Rg}. 
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t+5 5 

For 5 > 0, let T$ denote the Steklov average, T$u(t) = 4x J u(s)ds = f u(s + t)ds. 

t-5 -5 



We finish this section with the proposition classifying singular solutions to (|1.6p i.e, the 
solutions satisfying (jl.7|) . This is an analogue of [171 Lemma 1.1]. 

Proposition 1.5. Let u G Lf oc ((0,oo); n~l c (R N , h 2 dxj) D L^ 1 (r n x (0, oo), r$h 2 dxdt} be a 
non-trivial positive solution to (|1.6|) satisfying (|1.7|) . Then, for any p > 0, there exists the limit 

lim / u(x, t)\x\ 2X dx =: x < +oo. 
t^oj 

Bp 

The limit is independent of p > 0. 

For the proof we need the following lemma which will also be used further on. 

Lemma 1.6. Let u G Lf oc ((0,oo); Hj- oc (R N , h 2 dx) s j nLf+^R^ x (0, oo), r^h 2 dxdt) be a so- 
lution (sub-solution) to (|l,6p satisfying ()1 .7[) . Let u denote the continuation of u into the 
semi-space M. N x (— oo,0) by zero. Then, for every domain Q such that Q <s R^ \ {0}, the 

function u is a solution (sub-solution) to (|1.6j) in f2 x R and, moreover, u G Lf^ c (M N x (0, oo)^ . 

In particular, if u is a solution to (|1,6|) then u G C 2,1 (£l x R) and u(x,t) — > as i — > 
uniformly in x G O. 

Proof. Given f2 such that O (s R w \ {0}, observe that G C 00 (J1) and there exists a 

constant c > 1 such that ^ < h 2 ,r@ < c on Q. Hence the first assertion follows from [SJ Proof 
of Theorem 2, steps 2,3]. 

To prove the second assertion, consider a cylinder Br x (to,ti), R > 0, < to < t\. Then 
there exists r G (0, ^to) such that -u(t) G H^ 2 {B2r). Moreover, u is bounded on 8B2R x (r, 2ii), 
by the first assertion. Let the function w be the solution to the problem 

jd t w - h- 2 V ■ (h 2 Vw) = in B 2R x (r, 2ti), 

\u>(x,i) = u(x,t), (x,t) G S 2jR x {r}UdB 2R x (r,2ti). 

Then w is bounded on B# x (to,ti) [15] and, by the maximum principle, |u| < \w\. □ 

Proof of Proposition \1.5l First we show that if the limit exists, then it is independent of p. 
Indeed, for R > p, 

lim / u h 2 dx = 

since u(x, t) — >• as t — > uniformly in x G -Br \ Bp, by Lemma [L6l 

Now we show the existence of the limit. Note that u = (u — 1) + + u A 1. Given p > 0, 
Lemma [L6l implies that there exists T p > such that u(x, t) < 1 for all x G B p \B p / 2 , t G [0, T p ]. 

Hence u x := (u - l)+l Bp € ^((O.T,); 4(1^)). 

Next we integrate (|1.6p over the set {u\ > 0}. To do this, consider the sequence (£ n )nj 
£ n : R + — > R + , ^n(s) := (ns) + A 1. Then (£ n ) n is a sequence of bounded non-decreasing 
Lipschitz functions approximating 1(q )0O ), so that £ n (^i) can be used as a test function for 
(11.61). For < s < t < oo we have 



>s JB 



£ n {u l )d t uh 2 dxdt = - l / V£ n («i) • Vuh 2 dx dt - / i(ui}u p r p h 2 dx dt. 
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Since V£ n (iti) • Vu > 0, it follows that J g J B £ n (ui)dtur dx dt < 0. Note that £ n (ui)<9 ( 
dt'B n (ui), where S n (s) = / Q s ^n(r)dr — )■ s + as n — >■ oo. Then 



H n (m)(tK A dx < / ~ n ( Ul )( s y*dx. 

B D J B 



Passing to the limit as n — > oo we obtain that 



(it- l) + {t)h 2 dx < / (u- l) + {s)h 2 dx 



Bo 



Due to this monotonicity, 



/ (u - l) + (t)h 2 dx -> x < +00 as i -> 0. 
Jb 



Finally, J B u A 1 /i 2 dx — )• by the Lebesgue dominated convergence theorem. □ 

Remark 1.7. // f B u(t)r 2 ^dx -> x < 00 as t -> f/ien u(t)h 2 dx — > k5q as t — > in the 
weak-* topology of Radon measures. Indeed, for any 6 E C C (M. N ) there exists R > such that 
supp6* C Br, and, for any e > there exists p > suc/i i/iai — #(0)| < e /or all x 6 S p . 
T/ien 



(1.9) / 9u(t)h 2 dx = 9(0) [ u{t)h 2 dx+ [ (6-6(0))u(t)h 2 dx+ [ (9 - 6{Q))u{t)ti 

JR N JBf, Jbf>\B JBn 



dx. 



Now f BR ^ Bp (e-6(0))u(t)h 2 dx -+ as t -+ since n(x, t) — > as t — > uniformly in x G Br\B p 
and 



lim sup 



(0- 0(O))n(t)/i 2 dx 



< ex. 



Therefore it follows from (jl.9p i/iat, /or any e > 



lim sup 

t-»o 



lu{t)h 2 dx - 9(0)x 



< ex. 



Proposition II . 51 gives rise to the following definition giving classification to singular solutions 
to (fL6l) . 

Definition 1.8. A non-trivial positive solution -a to (jl.6p satisfying (jl.7p is called a source-type 
solution (SS) if J B u(t)r 2X dx — > x with some finite x > 0. The solution u is called a very 

singular solution (VSS) if J B u(t)r 2X dx — > 00. 

The rest of the paper is organized as follows. In Section [2] we prove a-priory estimates of 
Keller-Osserman type and show that in the critical and supercritical range of values of p the 
only solution to equation (|1.6|) satisfying (|1.7|) is zero. In Section 3 we study general linear 
inhomogeneous evolution equations with a generator of a Feller semigroup and with Radon 
measures in the right hand side and as initial data. These results are applied in Section 4, 
where the general semilinear equations with Radon measures as initial data are studied. The 
results are then applied to equation flTjJJ) . Very singular solutions to equation (jl.6p are discussed 
in Section 5. Finally, in Appendix we give a version of the Hardy inequality and provide an 
auxiliary compactness result. 
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2 A-priori estimates and nonexistence result 

We start with a-priori estimates for sub-solutions to (|1.6p similar to that obtained in [5j. We 
use the notation 

D PtR := {0, t) G R N x M. + : p 2 < \x\ 2 + i < R 2 }. 

Proposition 2.1. Xei < Rq < \R\ and u be a sub-solution to (|1.6|) in the paraboloid layer 
Dr 0: r 1 such that u(x, t) — > uq as t — )• in L 2 h2 {Br 1 \ -Br ) • Then, for all Rq < p < \R < \R\, 



(2.1) 



\Vur + r p w 



2 ( 

h dxdt < c\p 



N+2X-2 



■2-t-.i 



p- 1 + R 



N+2X-2 



2 + .i 
p-1 



I Il2 

ft2 



2+,3 



Moreover, for uq = one /ias, u(a?,t) < c(|x| 2 + i) / or 4^ < \ x \ 2 + t<Rf. 

Proof. In the proof we use some of ideas from [8]. Let <f> G C (R), l(4,oo) < 4> < l(i,oo)i 
|(/)'| < c0 a , with a < 1 to be chosen later. Let 



\xr + t 



, T) = (j) I 5 



|x| 2 +i 
ft 2 



and £ = £77. 



Then 



(2.2) 



L£>. 



2p,-R 



<C<1 



\dtC\<^i Dp , 2p ev + ^D R ^v° 

\V(\<~l Dp , 2p t a r, + ^D R , 2R tri 



R 



We set u(x,t) := tio(x) for i < 0, x G -B^ and choose Tg(( (Tgu)) as a test function in (jl.6p on 
Dp,2R- Note that it is a legitimate test function, by Lemma ll.61 Further on we denote w = T$u. 
Then we obtain 

//iv-cp fc '** + //^ja-r 

w 2 (d t (h 2 dxdt + Jj w 2 \V(\ 2 h 2 dxdt + j w 2 (0)( 2 (0)h 2 dx. 

B2R\B P 



< 



Passing to the limit as 5 — > in the last inequality, we may replace w with u. Now we estimate 
the first two integrals in the right hand side using (|2.2|) . By the Young inequality, for all e > 
there exists c £ > such that 



u 2 (\d t (\ <u 2 ( 



^ l D p , 2p eV + ^D R , 2R ^V C 



<e [r- 2 u 2 C 2 + r p \u\ p+L C) + c £ r 



P+1/-2 



-2-2 



2 + rf 
p-1 



P ^ al D p , 2p +R '-"Ifl, 



c 

"3 



<e (r-VC 2 + r^|«| p+1 C 2 ) + c £ r^^~ [p- — \ Dp2p + R- — \ D[ 
Note that, by Hardy inequality (|A.lj) . for all t > 0, 



-2 2a 



-2-2 



2+13 



r- 2 u 2 (t)( 2 (t)h 2 dx < 



(N + 2X- 2f 



\Vu(\ 2 (t)h 2 dx. 
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Choose now a G (^ji 1) such that 



2 2 + /3 

2-2 - + 2A + iV>0. 



1 — a p — 1 

Then by a direct calculation 



^ R~^r^^ 2 T^h 2 dxdt < R N+2X ~ 2 ^ 

Dr.2R 



which implies that 



B2r\B, 



p 



which completes the proof of the first assertion. 

To prove the second assertion, note that by the mean value inequality for sub-solutions (see 
Theorem 13,81 below) we have that 



sup | ii | < C +j u 2 h 2 dxdt 

£*5/2p,7/2p \J J D 2p ,4,p J 

Using the Hardy inequality and ()2.ip with R = 4/5, we have 
(2.3) / / u 2 h 2 dxdt < ff \u(\ 2 h 2 dxdt < p 2 ft \uQ\ 2 r- 2 h 2 dxdt 



D 



IpAp 



(2.4) < cp 2 1 1 \V(uC)\ 2 h 2 dxdt < cp N+2X+2 ~ 2 ^. 



Hence 



i 

2,2 , V 2+P 

u h dxdt < cp p- 1 . 



D2p,Ap 



□ 



Corollary 2.2. Let p < 1 + j^t^x an( ^ ^ u be a solution to fjl ,6|) such that u(t) — > as 
t — >• in weak-* topology of Radon measures. Then u G Lf oc ((0,T); H* 2 ) for all T > and 
u(x,t) < xp^ 2 (x,Q) for a. a. (x,t) G M. N x (0, oo), where p h2 is the fundamental solution of the 
linear equation (dt — A^w = 0. In particular, u 6 L P+1 (M. N x (0, T), r^h 2 dx dt) for all T > 0. 

Proof. The first assertion follows from (|2.ip . setting R — > oo and choosing p arbitrary small. 
The proof of the second assertion literally follows the argument [18] .Namely, let u(t) — > x8q 
as t —7- in weak-* topology of Radon measures. Let be the solution to the initial value 
problem 

(dt - A h2 )u« =0, t>r, 
u ( T )(r) = u(t). 

Then, by the maximum principle, u^ T \x,t) > u(x,t) for a. a. (x,t) G M N x (r, oo). So, for 
< t' < t one has u^ T \r) > u(t) = u^ t \t). Hence, by the maximum principle, u^ T \x,t) > 
u^ T \x,t) a.e. on R N x (r, oo). So f u as r | and u^(aj,t) = xp\ {x, 0) since 
u ( r )(r) = u(r) ->• x<5 as i ->• 0. □ 
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The next lemma reduces the proof of the second assertion of Theorem 11.21 to the critical 
case p = p* . 

Lemma 2.3. Let u be a sub-solution to (jl,6p satisfying (jl.7p . Then, for 1 < q < p, the function 

i 

p — 1 \ p- 1 p- 1 
lull- 1 



.9-1, 

is a sub-solution to the equation dtw — /i _2 V • (h 2 Vw) + r^w^^ 1 = 0. 

Proof. Denote x = |5j > 1> Tg the Steklov average and ug := Tgu. For e > and £ G 
Cc' 1 ^ x (0, oo)) , C > 0, choose the following test function for (fL6j) : 

T s ((us{u 2 5 + e)^ 



Note that this is a legitimate test function since u is locally bounded. Then the following 
inequality holds: 



d t u 5 (us(u 2 s +£)*2 h 2 dxdt+ 1 1 Vu s V(Cu s (u 2 + e)^ )h 2 dxdt 

(2.5) 

< - // C«a(«5 + e)^r^T (5 (|u| p - 1 u)/ i 2 dxdl 
Denote K(u) := ^(n 2 + e)f - ef V Then 

d t u 5 (u s (u 2 + e)^ = (d t V £ (u s ) 

and 

Vu 5 V((us(u 2 s + e)^) = VV £ {u s )V( + cf(x- l)t$ + e) (w 2 - + e^V^] 2 . 



Hence it follows from (|2.5p that 

V e (u s )d t (h 2 dxdt + jj VV £ (u s )V(h 2 dxdt < - jj (u s (u 2 + ^^r^lKlu^" 1 ^ 2 ^^. 

Passing to the limit as e — > and then as 5 — > we obtain 

-JJ \u\*d t (h 2 dxdt + jj V\u\ K V(h 2 dxdt + * jj CW^^^dxdt < 0. 

Hence the assertion follows. □ 
Remark 2.4. Lemma \2.3\ is a parabolic version of I J 51 Proposition 1.1]. 

The following theorem establishes the removability of singularity at (0, 0) for the critical 
case. 

Theorem 2.5. Let p = 1 + 77^. Let < u £ Lf£ c (R N xR\ \ (0, 0)) 6e suc/i ffeai 
(2.6) / / (r^u v C ~ uCt ~ uA h2 () h 2 dx dt<0, ( G C 2 

J JR N xR\ ^ ' 

Then u = 0. 
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■<2,1 



Proof. Let £ G C 1 ^) be such that 

(2-7) l[2,oo) < $ < l[l,oo), \?\,\Z"\<C£*. 

Let < p <C .R < oo and define 

(2.8) Cp(x , t)= ^i±N!^ %(M) = i_£^+j£ 

We take ( = ^ p rj R as a test function in (j2.6|) . It is easy to see that 

suppC = {(x,t) : p 2 < t+\x\ 2 < 2R 2 }. 

Using (|2.7p one verifies directly that 

II i I 

\9tC\ + \^h 2 C\ < C-^Cp r /i?l{p 2 <t+|xi 2 <2r 2 } + c ^2"Cp^l{Ji 2 <t+|a;| 2 <2R2}- 

Thus we have 

I := [[ rPu p (h 2 dxdt < ff u(\d t C\ + | A h2 (\)h 2 dx dt 
JJk n xm.I_ JJr n xr 1 j _ 



(2.9) 



<cp~ 2 



// u£,£r) R lf p 2 <t+ i x i2 <2p 2 } h 2 dxdt 
JJr^xr 1 , 



+ C ir 2 // < P 7?p {/? 2 



:=/l + / 2 . 
By the Young inequality 

— 2 f f I 9 1 JV 12 2p I 2A ^ 



Similarly, 

h < cRT 2 I ( u{i p ri R )pl {R 2 <t+ \ x \2 <2R 2 } dx dt < \l + cR N+2 ~^ +2X ~^ . 

J JR n xR\ 4 

Hence for every p > and R > 2p we obtain 

I < c(p p- 1 p- 1 + R p- 1 p-i) = c as iv + 2 h 2A = 0. 

p — 1 p — 1 

Passing to the limits p — >• and R — > oo we conclude that 
(2.10) // r P U p (h 2 dxdt < oo. 

Now we return to (|2.9|) . Estimating I\ and I2 by means of the Young inequality and using 
([23DD we have 



1 



h < cp // <p 3 l{ /9 2< i+ | a .|2<2p2}/t c/a;dt 



(2.11) < c( // ly 2 < t+ \ x \2^2 P ^} rl3 u p C i hh 2 dxdt ) ->■ as p -> 0. 



Similarly we see that ^2 - ^ as -R — )• 00. Hence we conclude from (|2.9p that 1 = which implies 
that u = 0. □ 

Now assertion (c) of Theorem 11.21 follows from Theorem l2.5l Lemma [2.3l and the correspond- 
ing parabolic version of the Kato inequality (see, e.g. [301 Chap. 6]). 
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3 Linear equation with a generator of an ultra-contractive Feller 
semigroup 

In this section we study an abstract inhomogeneous evolution equation with measures as initial 
data. 

In this section Q C is a domain and 7 is a positive Radon measure on and we denote 
LP := £P(n,d 7 ). Let T > and Q = Q x [0,T]. We also denote D>{Q) = LP(Q,djdt) and 
naturally identify L P (Q) = L p ([0,T}; LP). 

In the sequel we also use the notation Co(Q),Cb(Q) for the spaces of continuous function 
vanishing at infinity and at the boundary of 0, and bounded continuous function, respectively. 
M(£l) stands for finite signed Radon measures on Q. 

Let (£,J~) be a closed symmetric Dirichlet form on L 2 , —C the associated self-adjoint 
operator in L 2 , and S = (S(t))t>o the associated symmetric Markov semigroup on L 2 , i.e. 
||S(t)/||oo ^ ll/IU for any t > 0), S(t) = e a . The domain F of the form £ is a real Hilbert 
space with the norm \\f\\jr = (£(/)) 2. We refer the reader to [TOl 03] for the definition and 
properties. 

The action of the semigroup S on the measure \i is defined in a standard way by the following 
identity 

(3.1) / (s , (t)/i)0d 7 = / m)<f>W, <p e c (n). 

Jn Jn 
We start with the following simple statement. 
Proposition 3.1. Let ip : (0, 00) —> (0, 00) be a non-increasing function. Assume that 

(3.2) \\S(t)\\ L i^ Laa <if>(t), t>0 
and 

(3.3) S(t)C (Sl) C C b (n) and S(t)l G C 6 (0). 

77ien i > 0, is a bounded operator S(t) : A4(£l) — > Cf,(fi) n L 1 n J 7 and 

(3.4) ||S(i)|| M ^ x? <^K(t), l<g<oo. 

Moreover, for every t > 0, is an integral operator with a positive bounded symmetric 
kernel pt(x,y) which is continuous in each of the variables x,y,t and 

(3.5) Pt(x,y) < ip(t) and J p t {x,y)^{dy) < 1. 

h 

For every t > 0, t/ie operator S(t) maps weak-*-convergent sequences in «M(0) into strongly 
convergent sequences in Cb(fJ) n L 1 n J. 

Proof. By the Riesz-Thorin interpolation theorem it follows from (|3.2p that ||S'(t)||i,p_>i8 < 
ij>p~*(t), 1 < p < q < 00. Since C (O) n L p is dense in LP, by ([231), S(t) : L p -> C 6 (S2). 
Hence, [I^Hi^ci < ipr(t), t > 0. By duality : C 6 (fi)* — > L 9 , 1 < g < 00. In particular, 

: .M(O) -> and ||S , (t)||x^L9 < ^"'(t), 1 < g < 00. By the simple factorization 
S(t) = S(t/2)S(t/2) : M(fi) ->■ C b (fi), and \\S(t)\\ M ^C b < W), t > 0. 
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Similarly, S(t) = S(t/2)S(t/2) : M(0) -> L 2 -»■ J 7 . 

The second assertion follows from the first one taking pt(x,y) = (S(t)5 y )(x). 

To prove the last assertion we first show that S is a strong Feller semigroup, that is, for t > 0, 
S(t) maps bounded Borel measurable functions into continuous ones. To this end it suffices to 
verify that x i— )■ pt(x, •) is a continuous function from to L 1 for all t > 0. If 7(^2) < oo this 
immediately follows from the fact that pt(x, y) is continuous in x for all t > and and the 

bound < pt(x, y) < V'(^)- I n case t(^) = oo to verify the assumptions of the Vitali theorem it 
suffices to show that, for every x n — > x in Q as n — > oo and every e > 0, there exists a compact 
K £ dVt and N £ G N such that 



/ 



p t (x n ,y)j(dy) < e for all n > iV £ . 

Given x„ — >• x in f2 as n — > oo and e > 0, let K £ C be such that 

p t (x,y)j(dy) < ~. 
n\K e 

Note that 1k £ G L 1 so StlR £ £ C'fe(il). Since S^l G Cb(f2), we conclude that Stlu\K e 
Stl — StlK £ £ Cb{ti). In particular, 



Pt(x n ,yh(dy) - J p t (x,y)j{dy) 



Q,\K S Q\K E 



as n — > oo. 



Now choose N £ such that the above variable is less then | for n > N £ . Thus S is strongly Feller. 

Now let [i n — > \x as n — > oo in the sense of weak-* convergence in A4(£l). Then, for every 
Borel measurable E, 

J (S(t)n n )d^ = j \s(t)l E )dnn -)■ J (S(t)l E )dfi = J (S(t)fi)dj as n oo, 
En n e 

since S^i)!^ G Cb(Jl). Hence S(t)^i n — )• S(t)fi as n — )• oo weakly in L . Since (S'(t)^ n )(x) = 
J" pt(x , y) /j, n (dy) and is bounded and continuous in y, we conclude that S(t)fj, n — > S(t)p 
as n — )• oo, pointwise in f2. Hence S(t)fj, n — > S(t)[i as n — >• oo strongly in L . The strong 
convergence in T and in Cb(£l) follows from the factorization argument. □ 

Let us introduce the convolution operator Ton L P (Q) by (Tf)(x, t) = J Q ' (S(t — s)f) (x, s)ds. 
In the next two propositions we collect the required properties of T ■ 

Proposition 3.2. Let condition (|3.2|) hold. The following assertions hold 

1) T is a completely continuous operator on L 1 (Q); 

2) T is a bounded operator L 2 {Q) -> I? ((0,T); T) and L 2 (Q) -> L 2 ((0,T); D(C)). 
Proof. Note that 7" is an integral operator on L 1 (Q) and 

(Tf)(x,t)= // k(x,t;y,s)f(y,s)>y{dy)ds 



Q 
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with k(x,t;y,s) = l( 0)O o)(* ~ s)p t - s (x, y). Since 

T T 

J J k(x,t;y,s)i(dx)dt = J l(o )0 o)(*-s) J Pt-s(x, yh(dx) dt < J dt<T 
q on s 

for a. a. (y,s) G Q, it follows by the Dunford-Pettis lemma (see e.g. Lemma III. 11]) that 
T is completely continuous on L l (Q). 

To prove the next assertion, observe that 

\\{Tm)\\r<c f -^=\\f\W*)ds and \\{CT f){t)\\^ < c f -^—\\f\\ L *{s)ds. 
Jo Vt- s Jo t - s 

Since the integral operators with the kernels Ko(t,s) = = and Ki(t,s) = are bounded 
on L 2 (0,T), the second assertion follows. □ 

Proposition 3.3. Let the conditions of Proposition HOI be fulfilled. In addition assume that 
(3.6) S(t)<j>(x) -> (f>{x) ast^O for allxefl^e C (Q). 

Then T can be uniquely extended to a bounded operator from M(Q) to L°° ((0,T); L 1 ). More- 
■,TL 1 (Q)CC([0,T};L 1 ). 



over. 



Proof. First, observe that, S(t)[A is strongly continuous in L 1 C A4(Q) for all t > 0, for every 
H G A4(Q). Moreover, it follows from (|3.6|) that S(t)[A is w-* continuous continuous at t = 0. 

Now let m G M(Q) and m = [it®v be its disintegration into v G M([0,T]) and a function 
1 1— t- fit G .M(fi) such that i 1— >■ m(F) is ^-measurable for all Borel sets F (see [2J Theorem 2.28]). 
So t i— )• /zt is a weakly ^-measurable function from [0,T] to Al(f2). Hence the function s i— > 
S(t — s)fJL s is also a weakly z^-measurable function from [0, i] to «M(0). Since S'(s)A / l(r2) C L 1 for 
s > 0, we conclude that s h-> £(£ — s)^ s is separably valued, hence it is (strongly) ^-measurable 
by the Pettis measurability theorem (see |11| Theorem 2.2]). So we define the extension of T 
on7W(Q)by 



(3.7) (Tm)(t) := / S(t - s)n s v(ds), 

[o,t] 

where the right hand side is a Bochner integral. 

Moreover, T : M(Q) -»■ L°°((0,T); .M(fi)) is bounded. Indeed, 

i ft 



\\0~m)(t)\\ M(n) < J \\S(t- s)n s \\ M{n) \u\(ds) < \\n s \\ Min) H(ds) = \\m\\ M{Q) . 

Hence the extension is unique. 

Now, let v = v c + c kO~t k be the decomposition of v into the continuous and the atomic 
parts. Then S(t — s)fi s v c (ds) G L 1 since S(t — s)fi s G L 1 for all s G [0, t), and 

/ S(t- s)fi s ^2c k 5 tk (ds) = ^2 c fc 5 '(* ~ l k)lH k - 
Jo t k <t 

The latter belongs to L 1 for all t ^ t^, k = 1, 2, So Tm(t) G L 1 for a.a £ G [0, T]. 
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Finally, we show that if v = v c then Tm G C ([0, T]; L 1 ) , which will prove the last assertion. 
Indeed, 

t+5 t 
Tm(t + h) - Tm{t) = j S{t + 5 - s) l i s v{ds) + [ \s(t + 5 - s) - S(t - s)]fi s v(ds). 

t 



o 



Then 



t+6 t+S 

j S(t + 5 — s)p s v(ds) Ll - J W/J-sWMityWKds) = \m\ (SI x (t, t + 5)) — > as 5 — > 0. 



Further, 



Moreover, 



[S(t + 5 - s) - S(t- s)]fj, s i as 5 -+ for all s G [0, t). 



[S(t + S-s) -S(t-s)]fi s < 211/^11^(0). Thus 

Li 



S(t + 6 — s) — S(t — s) ii s v(ds) 



L 1 



->■ as 5 ->■ 0. 



□ 



Remark 3.4. For further use we observe that, for i] G C([0,T]; L 1 n C;,), 



(T* V )(t) = J S(s-t) V (s)ds, 



where the right hand side is a Bochner integral. Note that T* is a bounded operator on 
C([0, T]; L 1 fl Cb), by the argument similar to the one in the proof of the preceding proposi- 
tion. 

Definition 3.5. Let m G M(Q) and (i G M(Q). We say that u G Lf oc ((0, oo); J 7 ) n L X (Q) is 
a solution (sub-solution) to the problem 

(3.8) (d t - C)u = m, u(0) = p 

if the following integral identity (inequality) holds 

ti ti 

y «(ti)c(ti)7(dx) - y y ^ t c 7 (^)^+ y ^k^cw)^ 

SI io !1 to 

ti 

= (<) y y cm(dxdt)+ y ^k^m^) 



(3.9) 

and 
(3.10) 



to SI 



lim(limsup) / u(t)C(th(dx)= (<) / C(0)d/i 
*-»o t^0 J J 
SI SI 



for all ti > t > and C G W 7 , C > 0, where 

W := {C G C 6 (Q) n LL((0, oo); J") n W^ 00 ((0, oo); L°°) } 
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The next lemma provides the representation of the solution to (|3.8p . 
Lemma 3.6. Let u be a solution (sub-solution) to (|3.8p . Then u = Sfi + Tm (u < S^L + Tm). 

Proof. We prove the assertion for solutions, the proof for sub-solutions being completely the 
same. Let rj G C([0, T}; L 1 n C 6 ) , A > 0. Denote 

r, x (t) := (I - XC)- 1 ^)^ G [0, T] and Ca := Tr, x . 

Then ?? a ,Ca G C([0,T]; L 1 n C 6 ). Since Cr] X {t) = {r](t) - jV\(t) for all t G [0,T], we conclude 
that Cr] X (-), £&(•) G C([0,T]; L 1 n C 6 ). Hence <9 4 Ca = -£Ca - Vx- In particular, Ca G W. 
Testing (|3.9[) by Ca and noticing that £\(T) = we obtain 

- / / ud t ( x d 1 dt+ f £(u,(x)dt= f f ( x dm + [ u{t )( x (t )dy. 

Jtn JU Jtn Jtn JQ JU 



Note that 



£(u,(\) = - / u£( x dj= / u(d t Cx + Vx)dl- 
In Jn 



Hence, passing to the limit as to — > we obtain that 

T T T 

wf] X d-ydt= I I ( x dm+ / ( x (0)dfi = / / (Tm)rj X d'y dt + / (Sn)r] X d>y dt, 

JO JQ Jn J J JO J 

on on n 

where the last equality follows from (|3. 1 j) and the definition of T ■ Finally, observe that rj x — > rj 
as A — > pointwise, so passing to the limit in A, we have 



j J urjd r ydt = J J (Tm + Sn)rj djdt. 



on on 

Hence the assertion follows. □ 

The next proposition gives a version of a maximum principle. It is an extension of [3 
Lemma 3]. 

Proposition 3.7. Let f G L l (Q), \i G M(£l), andu be a solution to f|3.8j) . Then, fort G (0,T), 

/ u + (t)dj< J J fl {u>0} d 7 ds + J dfj,+, 

n on n 

t 



\u(t)\dj < J J fsgn(u)djds + J d\fi\. 
n on n 

Proof. Note that u = Sfi + Tf, by Lemma 13.61 It suffices to prove the inequalities for / G 
L 1 (Q)DL 2 (Q) since T is a bounded operator on L 1 (Q). By Proposition ^. 2l n G Lf oc (^(0,T); T 

8 t u, Cu£ Ll c ((0,T); L 2 ) and 



(3.11) (d t -C)u = f. 
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Now we prove the first estimate. Denote v k (s) := (ks) + A 1, k = 1, 2, . . . Then v k is Lipschiz, 
non-decreasing, v k (0) = and v k — > l{ s> o} as k — > oo. Hence v k (u) G L^ oc ^(0,T); J 7 ^ (cf. [131 
Theorem 1.4.1]). 

We claim that £ (v k (u),u) > . Indeed, recall that, for all u,v £ J- one has £(u,v) = 
lim £ x (u,v), where 

A— ¥oo 

£ x (u,v) = £ (u, A(A - C)~ 1 v) 

is the approximation of £. By |13} (1.4.8)], there exist positive measures [i\ G -A/f($7) and 
cj\ G M(£l x Q) such that 

£ x (u)= / u 2 fi x (dx)+ // - u(y)) 2 a x (dx,dy). 



Then it is straightforward that £ x (p(u),u) > for all A > and all Lipschiz monotone p such 
that p(0) = 0. Hence passing to the limit as A — > oo, we conclude that £(v k (u),u) > 0. 
Now multiply (|3.1ip by v k (u) in I? to obtain that 

v k (u(s))d t u(s) dj < J v k (u)fdj. 
n n 

Integrating the latter in s over the interval (r, t) we obtain 

J V k (u{t))d 7 < J J v k {u)fd 1 ds + J V k (u( T ))d 7 , 
n u n 

where V k (s) is the primitive of v k (s), V k (s) f s + as k f oo. So, for < r < i, it follows that 

t 

n r n n 



"(t)d7< y / /l{u>o}<Mfl + / n + (T)d 7 . 



It remains to pass to the limit r — > 0. By Lemma [3.61 using positivity of S 1 and T, we have that 
«+(r) = (S(r)p + (T/)(r))+ < S(r)p+ + (T/+)(r) and 

t r 

(T/ + )(r)d 7 = y y S(t - s)f+(s)d 7 ds < I \\f(s)\\ L ids^0asr^0. 
n on o 

So, as t —7- we arrive at the first assertion. 

To prove the second assertion, note that v = (—u) is the solution to the problem (<9 t — C)v = 
— /, v(Q) = —p.. Hence 



y u (t)dq < - J y fl {u<0} d-yds + J dfi . 



o n 

□ 

We conclude this section by recalling two results on the parabolic equation with a weighted 
Laplacian. 
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Linear equation for a weighted Laplacian. Here we consider a special of the measure 
d-j = h?dx and the operator Cu = — h~ 2 div(h 2 Vu), where as before h(x) = \x\ x with A > 
Namely, we state the Mean- value inequality and the heat kernel estimates for the linear equation 

(3.12) d t u - h' 2 dw(h 2 Vu) = 0. 

Theorem 3.8 (Mean-value inequality). There exists a constant C > such that, for all (x,t) G 
M Ar+1 , r > 0, q > and a weak positive (sub-) solution u to ()3. 12|) in the cylinder Q^ r '^ := 
B2r{x) x (t — Ar 2 ,t + 4r 2 ), the following inequality holds: for Q~ := B r / 2 (x) X (t — 2r 2 ,t) and 
Q+ := B r (x) X (t + 3r 2 , t + 4r 2 ) ; 

where the average integral in the right hand side is by measure h 2 dxdt. 

Theorem 3.9. Let k be the fundamental solution k to the equation (|3.12|) . Then for all 5 > 
there exists c$ > such that for all x, y £ and t > the following estimate holds: 

(3.13) k(t, x, y) < cst-^e'^ht (H + A Pj= + 1 
The detailed exposition of these and related results can be found in p~5l [25] . 

4 Source solutions 

Here we use the same notation as in the previous section. In this section we construct solutions 
to an abstract semilinear equation with measures as initial data. We closely follow ideas from 
[301 Chapter 6]. 

Consider the solution of the non-linear equation 

(4.1) (d t - C) u(x, t) + g (x, u(x, t)) = 0, u(0) = /i € M(n), 

where C is as in the previous section and g : Q x R — > M. is measurable in x for all r G R, 
continuous in r for a. a. x £ £1 (the Caratheodory conditions), non-decreasing in r and vanishing 
at r = for a.a x E O. We denote G : u h-> g (x, u(x)) the correspondent monotone homogeneous 
Nemytskii operator. So a weak solution to the problem (|4.ip . e.g. (dt — C + G)u = 0, u(0) = fj,, 
is u G L X (Q) n L 2 oc ((0,T); T) such that G L X (Q) and (<% - £)n = -Gu, u(0) = in the 
sense of Definition 13.51 In particular, 

(4.2) u =S^-TGu. 

Proposition 4.1. Let ^1,^2 G /ii < /i2, gi(x,r) > g2{x,r) for all r £ R and a.a. x, 

Gi,C?2 6e t/ie corresponding Nemytskii operators and Uj G L 1 (Q) be solutions to the problems 
(dt — C + Gj)uj = 0, Uj(0) = uj, j = 1, 2. Then u\ < U2 pointwise for a.a. (x, t) G Q. 

Proof. Let w = u\ — U2- Then w satisfies (dt — C)w = — (G\U\ — G2U2), w(0) = —(p-2 — Ml) ^ 0- 
By Proposition 13.71 for t > 0, 

t 

j w + (t)h 2 dx < - J J (G\ux - G2U 2 )l{ w>0 }d'yds. 
n on 

However, w > implies u\ > U2 and hence G\U\ > G1U2 > G2U2- So the above yields w + = 
and u\ < U2- □ 
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The next corollary is a straightforward consequence of Proposition 14.11 

Corollary 4.2. Let n G A4(fl), G be a monotone homogeneous Nemytskii operator. There 
exists at most one solution to the problem (dt — £ + G)u = 0, u(0) = fi. The solution satisfies 
the estimates 

—S/jL~ < u < Sfi + 

and 

(4-3) jT \Hs)\\ 2 T ds <^(r)M 2 M{n) . 

Proof. The first assertion is clear from Proposition 14.11 The second assertion follows from the 
comparison of the solution to the problem (dt — C + G)u = 0, u(0) = /i, with the solutions 
to the problems (dt — C + G =F )u =l: = 0, ^(O) = ±/i , where G T is the Nemytskii operator 
corresponding to the function l^ r>0 ^g(x, r). Note that = ±SfJ, and that l[_ r>0 ]g(x, r) < 
g(x,r) < l[ r>0 ]5'(a;, r). Hence the pointwise estimate follows. 

Now we prove For A > let Ca(*) := S(X)u(t), t G [Q,T]. Since u G C([0,T]; L l ) n 

Lf oc ((0,T); J 7 ), one has Ca G C([0,T]; L 1 n C b ) n Lf oc ((0,T); J 7 ). Moreover, differentiating the 
equation Ca(^) = S(X + t)fi — S(X)(TGu)(t), we obtain 

(d t ( x )(t) = CS(X)u(t) - S(X)(Gu)(t), t G (0,T). 

Hence Ca G Wfoc ((°> T ); L °°)- Since K*)l ^ * G (°> T L we conclude that u G 

L^ c ((0,T); L°°). Hence (USJ) holds with C = Ca- For r G (0, T) we have 

T T 

\\\Qx/2(T)\\ 2 L2 + j S(( x/2 (t))dt + j j CxGud 1 dt= l -\\Q x/2 (r)\\ 2 L2 . 
t t n 

Passing to the limit as A — > 0, we arrive at 

T T 



\\HT)\\& + j £{u(t))dt + f J uGud 1 dt = i||«(r) 



i2 

II 2 ' 



r n 

2 



Finally, observe that uGu > a.e. and that |p(r)|| i2 

Proposition 4.3. Let g n (x,r) — > g(x,r) for a. a. x and locally uniformly in r G R, as n — > oo. 
Let G n ,G be the corresponding monotone homogeneous Nemytskii operators. Let fi n ,fi G M(Tl) 
6e swc/i i/mi fi n fj, in the weak-* topology of _M(0). in addition assume that 

(4.4) «, := sup - G n (-5^)] G L X (Q). 
Let u n be the solutions to the problems 

(4.5) (d t - £ + G)u n = 0, u n (0)=v n , n G N. 

TTzen u n — )• u in L 1 (Q) as n — > oo, and u is the solution to the problem (dt — C + G)u = 0, 
«(0) = 
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Proof. First note that the sequence (fi n )n is bounded in Ai(Q) since it is weak-* convergent. 
Let M = sup 1 1 Ain 1 1 A-l(fi) < 00 • Now we have to pass to the limit in (|4.5p . 

n 

Since \G n u n \ < w G L l {Q) and by Proposition 13. 7| 

l|GW"n||i,i(Q) < M > 

the sequence (G n u n ) n is a pre-compact set in the weak topology in L l (Q). By Proposition 13.21 
T is a completely continuous operator on L 1 (Q). Moreover, S\i n — > Sfi by Proposition 13.11 
Therefore the sequence (TGu n ) n , and hence the sequence {u n ) n are compact in L l {Q). More- 
over, due to (|4.3p . {u n ) n is weakly compact in £f oc ((0, T); J 7 ). Let (u n! ) be a sub-sequence of 
(^n)n convergent, in L l {Q) strongly, in L^ oc ((0,T); J 7 ) weakly and a.e. on Q to a limit u. Note 
that |u n ,(t)| < S(t)\fi ni \ < Mijj(t) a.e. by Corollary 14.21 and f|3.4|) . Since for all i > and a.a. 
x G one has <7 n (x, r) — >■ g(x, r) as n — >• 00 uniformly in r £ [— Mtfj(t), MiJ)(t)] , we conclude that 
G ni u ni —> Gu as I — > 00 a.e. on Q. So G ni u ni — >■ in L l (Q), by the Lebesgue dominated con- 
vergence theorem. Hence we can pass to the limit in the equality u ni = Sfi ni —TG ni u ni as I — > 00 
and obtain that u = SfJ, — TGu. Moreover, since u ni — > u as I -> 00 weakly in L^ c ((0,r); J 7 ), 
it follows that u satisfies (|3.9p with / = — Gu for all £ G W. Hence (dt — C + G)u = and 
m(0) = /U. By Corollary 14.21 the solution to the latter equation is unique so (u n ) n has a unique 
limit point u. Hence u n — > u in L 1 (Q) strongly and in Lf((0,T); J 7 ) weakly. □ 



The following is a straightforward consequence of Proposition 14.31 

Corollary 4.4. Let G be a monotone homogeneous Nemytskii operator, fi n — )• [i in weak-* 

topology of M.(VL), fj, n > 0, supp(/i n ) C B r and \\fJ>n\\M(n) — c - Let u n be the solution to (|4,5p . 

Set s c (x,t) := c sup pt(x,y). Assume that 
y&B r 

(4.6) Gs c G L 1 (Q). 

Then u n — )• u in L 1 (Q) as n — )• 00, and u is the solution to the problem (dt — C + G)u = ; 
u(0) = /i. 

The next theorem is the main result of this section. 
Theorem 4.5. Let (|3.2p and (|3.3p /10W. Let fj, G satisfy the condition 

(4.7) J j [GSijl + - G(-SiT)] djdt < 00. 



Then there exists a unique solution u = to the Cauchy problem 

{(fl 

(4.8) 



(dt - C + G) u = 0, 
u(0) = n. 



Moreover, [u^(t) — S(t)fi] — > in L 1 as t — > 0. 

Proof. First we consider g such that g £ L 1 with g(x) := sup |<7(x, r)|, x G fl. Denote i^(x, r) := 

r 

Jq g(x, s)ds. Then H is a convex positive sub-linear function in r for a.a. x G 0. Consider the 
functional 

J(it) :=-£(«) + y H (x,u(x)) j(dx), u G J 7 . 
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(dt-C + G)uj = 0, 
uj(Q) = fij G L>T\L C 



Then 5 J = -C + G. By [2S1 Theorem III.4.1, Proposition III.4.2], for j = 1, 2, 3, . . . there exists 
a unique solution Uj G L 2 ( (0,T); J 7 ) to the Cauchy problem 



(4.9) 



Moreover, Uj G L°° ((0, T),T) n W^^O.T); L 2 J . 

If //j — )• as j — > oo in the sense of weak-* convergence of measures, then, by Proposition l4.3| 
Uj — > u as j — > oo in L 1 (Q), and u is the unique solution to (|4.8|) . Indeed, we have to verify 
condition (|4.4p . However, 

sup [G n S/4 - G n (-SK)] <g€L\ 

n 

Hence the assertion follows. 

For a general g, let Ek C Q. be an increasing sequence of subsets of finite measure such 
that Vt = U£fc. For k = 1, 2, 3, . . . , let <?fc(x, r) := l^sgn (g(x, r)) {\g(x, r)| A A;), let G& be the 
corresponding Nemytskii operator and let Uk be the solution to the equation (<9j — C+Gk)uk = 0, 
Ufc(0) = [A constructed above. Then, by Corollary 14.2} —S/i~ <Uk< <S/i + , and hence 

(4.10) \G k u k \ < \Gu k \ < { GS ^/ a . Uk -°' < G5 M + - G(-5 M -). 

Since GSfi + — G(—Sfi~) G L 1 (Q), Proposition 14.31 implies that — )• it as A; — > oo in L l {Q), 
and it is the solution to (|4.8p . 

To prove the last assertion, note that Sfj, — u = TGu. So, by (|4.10P . 

y |«(t) - 5^(t)|d7 < J J [GSfi + - G(-S(jT)] djdr ->• as i -»• 0. 



o n 



□ 



The next corollary together with the last assertion of the previous theorem provide the proof 
of assertions (d) and (e) of Theorem 11.21 for x < oo. 



Corollary 4.6. Let < p < 1 + -^§x- Then the probl 



em 



{dtu — h 2 div(h 2 X7u) + r@\u\ p l u in 
u(0) = x5q 

has a unique solution u x for every x > 0. Conversely, for 1 < p < 1 + ^t^X an< ^ x ^ (0) 00 )? 
if u is a solution to (|1.6p satisfying u(t) — > x5q as t — > in i/ie sense of weak-* convergence of 
measures, then u = u K . 

Proof. In this case = ||Vu||?a is the bilinear quadratic form in L 2 2 with G*(M ) as 

h 2 



its core. (It follows from Lemma [A. II that (£, G^R^)) is closable in L 2 ^.) Let S denote the 
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corresponding semigroup and k its integral kernel. By Theorem l3.9l k obeys the estimate (|3,13l) . 
Now we verify the assumption of Theorem [ 



T T 

r^\S(t)x5 \ p h 2 dxdt = x p I I \xf +2X \k(t,x,0)\ p dxdt 



RN RN 

T 



2/|| \ — pX 



f I . lfl ,,i p(N+2\) P\x\ ( \ X 

~J J C5t 3 e ^ dX(it 

RiV 

RN 

The integral in i converges since l3+2X ( p ^ N 2pX > — 1, that is, p < 1 + jfr|^ - The integral in 
f converges since /? + 2A + iV = (8 + 2) + (2A + N - 2) > 0. 

The second assertion follows from Corollaries 12.21 and 14.21 □ 



5 Very singular solutions 

In this section we construct a very singular solution to (|1.6p and prove its uniqueness. Through- 
out the section we assume that 

2 + 8 

l<p <P * = l + 



N + 2X 



We start this section by showing that every very singular solution (VSS) if it exists, dom- 
inates pointwise every source type solution (SS). The next proposition is an analogue of [TT1 
Lemma 1.3]. 



Proposition 5.1. Let v be a VSS and u be a SS to (jl.6p . respectively. Then u < v pointwise 
for a. a. (x,t) G ~R N x (0,T). 

Proof. Let f B u(t)h 2 dx — > x < oo as t — > 0. Let To > be such that f B v(t)h 2 dx > x for 
all < t < tq. Then, for r G (0, to) there exists </3 T G L^ 2 such that < ip T < v(t)1b 1 and 

IIVr|Li a = X. 

Let ii( T ) be the solution to the problem 

(d t - A h2 )u + r p u p = 0, u(0) = p T . 
Thanks to Proposition 12. II it is easy to check that 

v G L 1 {M. N x (T,t),h 2 dxdt) nL p (R N x (r,t),j j3 h 2 dxdt). 
Then by Proposition 14.11 

(5.1) u (r) (i) < v(t + t), i>0. 

Since ||u^(0)||ri = x and suppu( T )(0) C suppv(r), it follows that u^ T \0)h 2 dx — > x5q in 
weak-* topology of M(VL). Hence —> u K in 

LtfiQ) by Corollary PI where (|3T3l) is used 
to verify (|4.6p . Then (|5.ip implies that u K < v. □ 
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The above leads to an immediate construction of the minimal VSS. 
Corollary 5.2. Uoo : = lim is the minimal VSS, where u K is the solution from Corollary^. 



Proof. Using Proposition 12. II one can easily verify that the above limit exists and is a solution 
to dflD, (|T7]t . □ 

In the next proposition we follow the construction from |18} Theorem 4.1]. 

Proposition 5.3. Uoo(x,t) := sup{ii(x,i) : u is a positive singular solution} is the maximal 
VSS. 

Proof. Let u be a solution for (jl.6p . (|1.7p . It follows from Lemma 1 1.6 1 and Proposition 12 . 1 1 that . 
for all R > one has u G C 2,1 (M. N \ B R x [0, T)) and u(x,t) — > as |x| — > oo uniformly in t. 
Moreover, by Proposition 12.11 



(5.2) u(x,t) <c(\x\ 2 + t) aS^i), ( x ,t) G x (0,oo), 

with a constant c > independent of u. Let u be the solution of the linear inhomogeneous 
problem 

'{d t - A h2 )v = in R N \ B R x (0, oo), 
u(x,0)=0, x£R N \B R , 
,v(x,t) = cR p- 1 , x<EdB R ,t>0. 
Then, by the maximum principle, u < v. Note that v enjoys the estimate 



(5.3) 0<v(x,t)<C R j J pf(x,y)dyds, 

[R<\x\<2R] 

where C R > is a constant and Pf 2 (-,-) is the fundamental solution to the linear equation 
(dt — Ah 2 ) u = 0- Hence all u and Uoo satisfy f)5.3[) with v replaced by u and Uoo, respectively. 
Note also that Uoo satisfies the estimate (|5.2|) with u replaced by Uoo- In particular, U^ir) G 
and Uoo G L l {R N x (r, T), h 2 dxdt) n If(R N x (r, T), r^h 2 dxdt) for all r > 0. 
By Theorem 14.51 for f > r the problem 

(<9 t - A h 2)u + rP U p = 0, t>r, 
■u(r) = Uoo{t) 

has a unique solution . 

For every singular solution u we have that u^ t \t) > u(r). Therefore by Proposition 14.11 
■u( T )(i) > u(i) , and hence u^ T \t) > Uoo(t) for all t > t. Moreover, for r' < r one has 

« {T V) > f/oc(r)=n< T )(r). 

Using Proposition 14.11 again we obtain that 

u ( T '\t) > r'<r<t. 
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By Proposition 12.11 it follows that, for all to > and r < t£, with p := \/to — t > w^- 



J J \Vu {r) \ 2 h 2 dxdt<c J U O0 (x, T ) 2 h 2 dx + p N+2X ~ 2 ^\ < 
t>t \x\>p ) 



ct Q 



N ,a 2+/3 



So (Vu' T ') T is bounded in Lp oc (R JV x (0, oo), h 2 dx dt) uniformly in r. Hence u T f u as r J, 0. 
Now passing to the limit in r it is easy to see that 

(dt- A h2 )u + rP U p = 0. 

Furthermore, by (|5.3p for x ^ we have that u(x, t) — > as t — > 0. Thus u is a singular solution, 
and hence u < (Too . Since u > u T > , we conclude that u = C/oo • D 

Lemma 5.4. T/ie minimal VSS Uoq and and the maximal VSS Uoq to (|1.6|) are self-similar. 
More precisely, 

Uoo {x,t) = r^^), Uooix^) = t^Vooi^) 
where and Vac are positive solutions to the problem 

(5.4) 



-K- l V{KVv) -av + r^v\v\P- 1 = 0, 
r 2a v —7-0 as r — > oo, 



2 

with a = J +2 ,s and K = r 2A e^ . 

2(p-l) 

g+2 

Proof. Let u be a singular solution to (jl.6p . Then T p u defined by T p u(x,t) := pp- 1 u(px, p t), 

/3+2 TV— 2A 

is another singular solution to (|1.6p . Moreover, T p u c = u Cp with c p = cpp- 1 . Hence by 

definition T p Uoo = Uoq and TpU^ = u^. Now the assertion follows with p = t — 2. □ 

I C.I ; ... „.,,.,„„,. , , f ^ (I x . 



Proposition 5.5. ^4 ViSS 1 to (|1 .6j) is unique, i.e. U, 



Proof. It suffices to show that < Woo • Let it; := — Hqo. Note that w is a sub-solution to 
the equation 

-K~ l V{KVw) -aw + r p v p - l w = 0. 
Since —K~^V (KVvqo) — <7t>oo + ?" "Woo = 0, it follows from |10(. Theorem 4.1] that 

J \V6\ 2 Kdx + J (r^ 1 - a) 6 2 Kdx > for all 6 E C"' 1 ^). 

Since r 2cr V^o — > as r — > oo it follows that, for a sufficiently large -R, one has w(x) < R~ 2a for 
all x, \x\ > R. By the weak maximum principle, we infer that w(x) < R~ 2a for all x, \x\ < R. 
Hence w < 0. □ 



As the positive solution to (|5.4p produces a VSS, it is clear that (|5.4p has a unique positive 
solution. To find it one can use a variational approach almost identical to that in |12j . Namely, 
one considers the nonlinear functional J on the Banach space X := Hj < -(R N )PiL p+1 (W N , r^Kdx), 

(5.5) J(9):=- I \ye\ 2 Kdt + -^— [ \9\ p+1 r^Kd^-^ f \9\ 2 Kd£. 

2 Jr n V + 1 Jm^ 2 Jr^ 

To show that J is bounded below we need the following auxiliary result. 
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Lemma 5.6. For any e > there exists C e > such that 

\\0\\ 2 L 2 <e(\\V6\\ 2 L2 +HC+ 1 ) +C £ , 9 eX. 

Proof. For e > 0, choose i? e > r e > such that 

16 4r-2 e 



R\ + {N-2 + 2XY < 2' 



Then, by Lemma lA.ll we have 



/ 



\ 2 k dx < -\\ve\\ 2 T 



T 2 ■ 

K 



Now, by the Young inequality, 

J \Q\ 2 Kdx< e - J \9\ p+1 Kdx + C Pt£ J Kdx. 



□ 



Now we are ready to show the existence of a non-trivial minimizer of the functional J. This 
follows immediately from the next proposition. 

Proposition 5.7. The functional J defined in (|5.5|) is bounded below and lower semi- continuous 
with respect to the weak topology. Moreover, J(0) —> oo as \\9\\x °°- 

„ » compact „ 

Proof. Let 6 n —> 9 weakly in X. Then 9 n —> 6 strongly in L K since L K , by 

Corollary IA.21 So liminf ||0 n ||^ > ||^||^, and due to the lower semi-continuity of the L p - 

norm w.r.t. the weak convergence (see, e.g. |20|) liminf \\9 n \\ l p+i >\\9\\ l p+i and lim H^Hl 2 = 

t£k tPk k 

\ L 2 . The last two assertions follow directly from Lemma 15.61 □ 



Next we show that the minimizer is nontrivial and can be chosen non-negative. 

Proposition 5.8. Let fi > N ^ 2X ■ Then there exists a non-trivial minimizer of J which can be 
chosen nonnegative. 

r 2 

Proof. Note that J(0) = 0. Let r > 0. Set 4> = re~~. Then 

E{rcj)) = ( N+ 2 2X ~ M)r 2 J (j) 2 Kdx + r p+1 J (jf +l r p Kdx. 

Now it clear that there exists r > such that J(t4>) < 0, hence zero is not a minimizer. The 
last assertion follows from the fact that J (6) = J(\9\). □ 
The minimizer is exponentially decaying at infinity, which is shown in the next proposition. 

Proposition 5.9. Let v G H} ( (R N ) n L p+1 (R N , r? K dx) be a solution to 
(5.6) - K^ViKVv) - fw + r?v\v\ p - 1 = 0. 

There exists C > such that 

\v\ <Ce~V, on WL N \Bi. 
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Proof. We follow [12J simplifying the arguments. Let w := f e' x ' 2//8 . Then w satisfies the equation 

(5.7) - ^V(h 2 Vw) + Vw = 

h z 

with V := JV + 2A - /i + + e 8 r^|u;| p-1 . One can choose R > such that V(x) > on 
\x\ > R. It is easily seen that solutions to (|5.7p are locally bounded outside the point x = 0. Let 
M := sup w(x). Looking at (|5.7p on |x| > 1 and taking := (u> — M) + as a test function 

we obtain that (f = 0. Changing w by —to in (|5,7p we see that < M, which proves the 

assertion. □ 



A Appendix: Hardy-type inequality and compact embedding 

Lemma A.l. For A > ^f, a >0, K = r 2X e ar2 , 9 G C%°(R N ), there holds 

(A.l) [ \V6\ 2 Kdx > ! ( a 2 r 2 + a(N + 2X)+( N ~ 2 + 2X ) * }\ \gf Kdx . 

Proof. First, notice that div(x|x| 9 ) = (N + g)^! 9 for all q > —N. Now let v = r x e^ ' Q. Then 
v e H 1 (M N ) and 



\/ v = r x e%W 2 V6 + x f a + -4 



Hence we have 

/ |V6»| 2 if(ix = / \Vv\ 2 dx+ [ ( a 2 r 2 + 2a\ + 4^ v 2 dx - [ (X7v 2 ) ■ x ( a + X) dx 
Jrn J r n J r n V r z J J r n V ' / 

= f \Vv\ 2 dx + t (a 2 r 2 + «(JV + 2A) + X2 + ( N ~^ X ) J dx . 
Jrn J r n V r z J 

Now the assertion follows from the standard Hardy inequality. □ 

Corollary A. 2. Let A > -^f 2 -, a > 0, K = e ar2 r 2X . Then H 1 ^, Kdx) is compactly 
embedded into L 2 (R N , Kdx). 

Proof. It suffices to prove that, given v n — > weakly in ff 1 (R Ar , Kdx), the sequence (v n ) n 
converges to strongly in L 2 (R , Kdx) . 

Let m := sup ||vn||#i- We use the following decomposition: for < ro < Ro, 

n 

(A.2) f v 2 Kdx= [ v 2 Kdx+ [ v 2 Kdx+ [ v 2 Kdx. 

JR N Jr<r Jr <r<R Jr>R 

Fix e > and choose ro and Rq such that 

. 2 /A^-2 + 2AV 2 , 2m 

2m H — 2 — J <eand ^ <e - 

Then by Lemma I A. II 

v 2 Kdx + / v 2 Kdx < rl [ \Kdx + / r 2 v 2 Kdx 



r<r Jr>Ro ° r2 -^0 

/ 2 /N-2 + 2AV 2 16 \ 

-K — 2 — J + ^h <£ - 
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Finally, the sequence (v n ) is bounded in if 1 (B^ \ B ro , Kdx) = H 1 (B^ \ B ro , dx). So v n — > 
weakly in H 1 (Br \ B ro ,dx), hence v n — > strongly in L 2 (Br \ B ro ,dx) = L 2 (Br \ B ro , Kdx) . 
Thus, for all e > 

lim sup / v 2 t Kdx < e. 

The same argument implies the second assertion. □ 
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